
482 J E R O M E W E I N S T O C K 

into two parts, as in (Al l ) , 

dr2 I dix>\d(^i^ ' ' ' I dr2 I do)ido)2 
0 J V'lr,h ^0 J D'r,h 

dr2 dooidw2, (B6) 
D'rZ,hZ 

where Df
r,n denote the regions of r2, coi, co2 which 

satisfies Eq. (B2), and D\ztm denote the regions of r2, 
coi, o)2 which satisfies Eq. (B2) as well as in ^ v, 

Furthermore, we note that the restrictions upon the 
region of integration in (B5) which come from (B2) 
with k^\ will be independent of h°. This is because 
Rak(k— 1) and ¥ak(k—\) are independent of ti° [R«fc(& 
— 1, and Yak{k— 1) only depends upon r2, coi, and o>2]. 
We may, thus, freely integrate the first term on the 
right-hand side of (B6) over h° to finally obtain 

^(ai)-(an)^=PA(a1)...(an) + M(«1)-(«n)]^) (B7) 

where A(ai)...(an) is the time-independent scattering 
operator for completed collisions defined by 

A ( « l ) - ( « n ) = I dT2\ duidu>2[CrSr—ChSh~] ( B 8 ) 

JO J D'r,h 

and M(ai)...(«n)(0 is an operator which corresponds to 
those initial phase points which lead to incompleted 
collisions (tn*>t). This operator is given by 

^(ai)-(a»)W=~ / *1° / dT2\ duXdu2 

JO Jo J D'r3,hZ 

X[Cr'Sr-Ch'Shl. (B9) 

The asymptotic time dependence of M(ai)..-(an){t) 
can be shown to satisfy 

M (a i )...(«B)(0 = O(ln*) (large 0 . (BIO) 

P H Y S I C A L R E V I E W V O L U M E 1 3 2 , N U M B E R 1 1 O C T O B E R 1 9 6 3 

Coupling-Constant Sum Rules* 

M. MURASKIN 

University of Minnesota, Minneapolis, Minnesota 

AND 

S. L. GLASHOwf 

University of California, Berkeley, California 
(Received 27 May 1963) 

Coupling-constant sum rules are derived assuming that the violation of unitary symmetry transforms 
like the eighth component of "unitary spin." This parallels the derivation of the mass sum rule. 

I. INTRODUCTION 

A MOD EL of strong interaction symmetry in which 
both mesons and baryons transform like the 

eight-dimensional irreducible representation of 517(3) 
was proposed by Gell-Mann and Nee'man.1 The imme
diate prediction of such a model—that the mesons are 
degenerate and the baryons are degenerate—is clearly 
false. Nevertheless, the symmetry scheme appears use
ful.2 The success of the Gell-Mann mass formula3 indi-

* Supported in part by the U. S. Atomic Energy Commission. 
f Alfred P. Sloan Foundation Fellow. 
1 M . Gell-Mann, California Institute of Technology, Syn

chrotron Laboratory Report, CSTL-20, 1961 (unpublished); 
Y. Nee'man, Nucl. Phys. 26, 222 (1961). For a review, see also 
J. J. Sakural, in Proceedings of the International School of Physics 
"Enrico Fermi" [Villa Monastero, Varenna, Como, Italy, (to be 
published)]. For a discussion of unitary symmetry based on the 
Sakata model see M. Ikeda, S. Ogawa and Y. Ohnuki, Suppl. Progr. 
Theoret. Phys. (Kyoto) 19, 44 (1961). 

2 S. L. Glashow and A. H. Rosenfeld, Phys. Rev. Letters 10, 192 
(1963). 

3 See also S. Okubo, Progr. Theoret. Phys. (Kyoto) 27, 989 
(1962); S. Glashow, Phys. Rev. 130, 2132 (1963), and Ref. 1. 

cates that the breakdown of symmetry occurs in a 
particularly simple way. In this paper, we apply similar 
considerations to coupling constants, and we derive 
coupling-constant sum rules analogous to the Gell-Mann 
mass formula. 

II. COUPLING CONSTANT SUM RULES 

The onlv effective-mass Lagrangian invariant under 
5*7(3) is " 

£M=MTrBB, (1) 
where 

f2° A 
-H 2+ n 

V2 A /6 

B--
2° A 

V2 A / 6 

2 
A 

\/6 

(2) 
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Including possible symmetry-breaking effects, we may 
write 

£ M = w 0 TrBB+ni! TrBX8B+m2 TrBBX8 

+mzTrBX8BX8, (3) 
where 

[l/y/5 0 0 1 
X8= 0 1/VS 0 . (4) 

[ 0 0 - 2 / v 5 j 

Four parameters appear because there are just four 
isotopic multiplets of baryons. Comparing with the 
experimental masses, we find 

w 0 ^1150MeV, 

w i ^ - 7 7 MeV, 

m 2 ^ 144 MeV, 

nis—S MeV. 

(5) 

The smallness of m% suggests that symmetry-breaking 
effects are predominantly linear in X8. Indeed, neglect 
of the term quadratic in X8 (w3 = 0) gives the Gell-Mann 
mass formula. That the eightfold way may be a reason
able approximate symmetry scheme is indicated by 
WI,2/WO~TQ-. We now proceed to apply completely 
analogous reasoning to the form of meson-baryon 
coupling. 

In the eightfold way the interaction Hamiltonian for 
pseudoscalar Yukawa coupling has the form 

Hint=gd Tr(By5PB+By5BP) 

+g' Tr(By5PB-Byr0BP), (6) 
where 

P= 
7T0/1 J2+X/V 

TV 

K° 

6 7T+ 

-7r°/V2+x/V6 
K~ 

K° 
K+ 

~ ( 2 / V % 
(7) 

The gd term is of the D type under R reflection,1 while 
gf term is of the F type. 

Including symmetry breaking effects, we assume that 
Hint (renormalized) takes the form (7 matrices are 
suppressed) 

Hint=gQ
d Tr(BPB+BBP)+gof Tr(BPB-BBP) 
+gl TrBX8PB+g2 TvB\8BP+g3 TrBPX8B 
+ £ 4 TrBBX8P+g, TrBPBX8+g6 TrBBPX8 

+g7 TrBB TrP\8+g8 TrBP TrBX8 

+g9TrBX8TrBP. (8) 

This is the most general pseudoscalar Yukawa inter
action that transforms like the eighth and ninth com
ponents of unitary spin, akin to Eq. (4) for the effective 
mass Lagrangian. 

Equation (8) involves eleven parameters. We expect 
only eight parameters in addition to god and gof since the 
one-dimensional representation appears eight times in 

B. Thus, the terms in (8) are not linearly 

independent. We can verify the identity4 

TrBX8PB+TrBX8BP+TrBPX8B+TrBBX8P 

+TrBPBX8+TrBBPX8 

= TrBB TrPX8+TrBP TrBX8+TrBX8 TvBP. (9) 

By requiring that the interaction Hamiltonian is charge-
conjugation invariant, we obtain the restrictions gs = gi, 
gi=g& and g8==g9. Using (9) to eliminate the gi term, we 
finally obtain 

Hint=god Tr(BPB+BBP)+go' Tr(BPB-BBP) 
+ g i ' Tr£[X8 P2B+g2

f TrBX8BP 
+ g 5 ' TrBPBX8+g7' TrBBTrPX8 

+g8'(TrBP TrBX8+TrBX8 TrBP) . (10) 

There are twelve pseudoscalar coupling constants to be 
determined between the four baryons N, 2 , A, S and the 
three mesons ir, K, % (the remaining couplings follow 
from charge independence). We take these twelve 
constants to be 

g*P*-> g r s v - , grA*--, g2^\~, 

gppX, gs°E°X, gs°s°x, £AAX> 

gjJ2°X+, gpAK+, g2°Z~K+, gI-Z~K+. 

These 12 coupling constants are described by seven 
parameters in (10). Thus, five identities among the 
coupling constants may be deduced. They are 

2 2 
gXZ-K+—g2+Aw-\ gS+H°x-H g&°K+ 

<v/6 v3 
1 ^ 

g s ° s - K + H — g s + 2 V - = 0 , ( 11a ) 
V3" 3 

2 1 

2 V3 
H gx°s~K+ g2 + 2\ -=0 , ( l ib) 

y/S 3 

g202°X-gAA; X , anpir 6 
3V6 3 ^ 6 3V3" 

$p2°K-* 

g2°H-K++2gs+A7r-=0, ( l i e ) 
3VJ 

1 4 
g2°2°x--gH0E0xH ~ - g S + g V - -gS°E-X + 

1 
. * 2 ^ V = 0 , ( l id ) 

1 4 1 
gt^x-gppx^—-giipr'—"gps0^—-pW-=0. ( l ie) 

4 P. N. Burgoyne (unpublished). 
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Likewise, we obtain an analogous result for the vector-
baryon couplings with the substitution 7r —» p, K—> K*y 

X —> co in (11) since the same H{nt (10) holds for vector-
meson baryon couplings if we let 75 —> yu and P —> V, 
where 

V= 
p°/Vl+«/\/6 

(12) -(P/y/2+u/y/6 #+* 
A:-* - 2 C / A / 6 J 

We next obtain coupling constant identities for the 
coupling of a vector meson to two pseudoscalar mesons. 
Making use of charge conjugation invariance, we get 

ff mt=g</(TrP, uVuP-P. uPVu) 

+gi(TrPtUksVuP-TYP,uPVu\s) 

+g2(TrP,u\sPVu-TrP,uVuP\s) 
+gs(TTP,uVu\sP-TvP,uP\8Vu). (13) 

Integrating by parts and comparing with (13), we find 
gi=gz. There are three parameters and five coupling 
constants which we take to be gE0K+a, gK°K+

P~, gT+T°p~, 
gXK~K+*, g-jr'R0^*, so that we obtain the two identities 

g*+*%— (4 /v2)^-^o K
+ *- (1/V2)g£°x v 

+ (3/V%K-K+CO = 0 , (12a) 

gK-K+»--gxK-K+*-\-l/\/6gZ*K+i>-

- l / \ / 6 g » - x ^ + ' = 0 . (12b) 

Finally, we obtain identities for the coupling of two 
vector mesons to a pseudoscalar meson. By making use 
of charge conjugation invariance and the identity 
having the form of Eq. (9), we get 

6Va dVy dVadVy 
Bint= eapyA god Tr P +gl Tr TrPX8 

I dxp dxs d%Q dx& 

dVa dVy dVa dVy 
+g2 Tr P Tr X8+g3 Tr X8 P 

dxp dxs dxp dxs 
(13) 

The identities are 

-gp+u>ir-+gK-*a>K + -\ gp-R°*K + 

H gK**K+\-= 0, (14a) 
\ / 6 

- 2gp*P\ + gK-*K + \A ~gp-K°*K + 

V6 
1 

-gK0*K+\-=0, (14b) 
A/6 

2 1 
— 2gcouXH gP-K°*K+-i gK°*K+\~ 

3 ^ 6 3V6 

+ gK-*K+*x+ 2gK~\K + = 0 , (14C) 

where, for example, gp+u^- is defined to be the coefficient 
of (dpa

+/dxp) (dtty/dxb)ir-€apy8 (the order of factors 
dp/dx, du/dx, ir~ being immaterial in the definition) in 
the expansion of (13). 

Equations (11), (12), and (14) are the coupling 
constant sum rules analogous to the Gell-Mann and 
Okubo mass formula. 
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